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Numerical Solution of Natural Convection in Eccentric Annuli

Darrell W, Pepper* and Roger E. Cooperf
E. I. du Pont de Nemours & Co., Aiken, South Carolina

The governing equations for transient natural convection in eccentric annular space are solved with two high-
order accurate numerical algorithms. The equation set is transformed into bipolar coordinates and split into two
one-dimensional equations: finite elements are used in the direction normal to the cylinder surfaces; the
pseudospectral technique is used in the azimuthal direction. Transient solutions of the entire flowfield are ob-
tained for 10? <Ra <109, 0.70 < Pr<102, with the inner cylinder near the top, bottom, and side of the outer
cylinder. Results are similar to experimental and numerical values previously published for low Ra numbers.
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=velocity component in the y direction

=L2w’ /v ‘

= vorticity

=x"/L

= vertical direction, rectangular coordinate

=y’/L

= horizontal direction, rectangular coordinate

= angle of rotation of x,y axis

= thermal diffusivity

=thermal expansion coefficient
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A = grid interval

§ = bipolar coordinate, normal to 5
7 = bipolar coordinate, normal to §
0 =azimuthal direction (=§)

A =e/(r,—r;)

v =kinematic viscosity

¥ =V¥"/La'

v’ =streamfunction

¢

=time-dependent variable
V2 =0%/8°+9%/3y?
V2  =932/0§%+02/0n9?

Subscripts

cd = conduction

cv = convection

i =inner cylinder wall

0 = outer cylinder wall
L« =rotated x, y axis

Introduction

ATURAL convection in concentric annuli has been

studied for many years. Numerous articles can be found
in the literature which describe both experimental and
numerical results.!4 Natural convection in eccentric annular
space, although not analyzed as extensively, has begun to
receive more attention over the last few years. Natural
convection heat transfer in eccentric annuli occurs in many
industrial situations. Such problems commonly occur within
the electric and nuclear energy fields, as well as in the solar
energy and thermal storage systems. For example, the cooling
of underground electric transmission cables is affected
significantly by the position of the inner cable within the outer
housing. Similarly, the cooling of nuclear fuel and target tube
assemblies following irradiation must be monitored carefully
in the event of assembly burnout due to inner tubular ec-
centricities. Likewise, natural convection cooling of casks
containing nuclear waste can exceed thermal guidelines if
positioning becomes overly eccentric. In this study free
convection flow within an eccentric annulus is solved
numerically using bipolar coordinate transformation and one-
dimensional finite element and pseudospectral algorithms.
Steady-state results are compared with existing theoretical and
experimental data.

Forced convection in eccentric annuli was investigated by
Trombetta’ using approximation methods and a least-squares
technique for various radius ratios and eccentricity. Similar
studies for laminar flow through an eccentric annulus was
made by Guckes.® Both Newtonian and non-Newtonian fluid
flows were calculated using bipolar coordinates and a finite
difference technique. An analytical study of free convection
in eccentric annuli was conducted by Yao,? using perturbation
techniques with the eccentric space transformed into a unit
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circle. Analytical solutions were obtained for slightly eccentric
annuli with Ra < 10* for constant cylinder wall temperatures.

Both numerical and experimental studies of natural con-
vection and thermal conduction in annular regions were
undertaken by Ratzel et al.? A finite element procedure using
isoparametric elements was employed. Cylinder walls were
held constant; the inner cylinder temperature was allowed to
vary. Steady-state streamline and isotherm distributions. in
concentric regions were obtained for 3 X 102 <= Ra<9.7 x 104;
eccentric annular distributions were obtained for 1.2x10*
<Ra=2.2x10%, .

Free convection flow in eccentric annuli was modeled by
Projahn et al.? using body-fitted curvilinear coordinate trans-
formations!® and the strongly implicit finite difference
procedure. Solutions were obtained in the half-plane for
varying vertical eccentricities. Results for both horizontal and
vertical eccentricities were compared with data obtained by
Kuehn and Goldstein.!! Bipolar coordinate transformations
have also been used recently to calculate flow and temperature
distributions through an eccentric annular duct by Feldman et
al., 213 following the work of Synder and Goldstein. !4

Recently, Prusa and Yau!S numerically simulated eccentric
annular free convection between two cylinders for Grashof
numbers =16,900 and various vertical displacements of the
inner cylinder. The governing equations for steady laminar
flow in polar coordinates were nondimensionalized and trans-
formed into a unit circle (the boundary of the inner cylinder
becomes a pole at the center of the unit circle). The trans-
formed equations were solved for one half of the circular
domain using finite differences with several mesh spacings.
Computation times ranged from 50 s to several hours on a
CDC 175 for 10-4 residual convergence. Results agreed
favorably with experimental data and analytical solutions
obtained using perturbation techniques at low Grashof
numbers.”

Problem Anélysis

The problem to be analyzed consists of free convective flow -

developed in the cross section of an eccentric annulus, as
shown in Fig. 1. The geometry and configuration lends itself
readily to bipolar coordinates; e.g., Synder,!6 El-Saden,!” and
Redberger and Charles.!® Transformation from rectangular
(x,y) to bipolar coordinates (§,7) is obtained from the
relations

* esinh
. csinhy (12)

coshy — cos§
csing (1b)

r= coshn —cos§

where c=r;sinhy, =r, sinhy, and 5, and n, denote inner and
outer annulus surfaces defined as

UESEIE Y oo

n,-=cosh—1[

2Ny

Fig.1 Eccentric annular cross section.
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withy=r;/r, andA=e/(r,—r;).

The inner surface, as depicted in Fig. 1, is assumed to be
heated to constant temperature 7;. The outer surface is held
constant at a lower temperature 7,, thus establishing a
temperature differential which leads to free convective flow.

The governing equations are defined in bipolar coordinates
as (see Appendix):
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The velocities, u and v, are defined as

J EN% v
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The boundary conditions associated with Egs. (3-5) are

T(1,8)=1, T(1,,8=0, T(n,—7)=T(n,7) ®
‘I’("),-,§)=‘I’(770:§)=0, ‘I’(ﬂ,—ﬂ') =‘//(77:7r) (9)

& 10

W(Tlp§)—w(770,§)= - Z W s W(ﬂ;—”r) —W(”I:W) ( )

Numerical Solution Technique

Application of bipolar coordinates results in the physical
plane being transformed into a rectangular domain,!®1® as
shown in Fig. 2. A finite element recursion relation?® and a
pseudospectral method?!:?? are used to solve Egs. (3) and (4).
Equation (5) is solved by cyclic reduction.?

The problem is strongly governed by the nonperiodic 7
boundary conditions, for which the finite element technique is
well suited. The pseudospectral method is ideal for periodic
boundary-value problems, as established by the conditions at
§=—m, w. Cubic spline techniques and other compact
operators are also viable alternatives to solving the equation
set.

Equations (3) and (4) are solved in a fractional sequence,
allowing the equation set to be solved with basic one- -
dimensional algorithms. The resulting equation system is

| | k
| } —8§
-7 o 7
Fig.2 Transformed eccentric annulus.
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solved sequentially in each coordinate direction. The ad-
vantages of using these methods over more conventional finite
difference methods lie in their high-order accuracy, equivalent
computational speed, and ease of implementation.

Application of the techniques is straightforward. For
example, Eq. (3) is first split into two equations

Iw*  duw dow P?w aT

-2 B o pp 2l 4 PrRaB 11
FYRFR 3§ a5z TITRAE 5 (1a)
ow duw*  dow* Zw* oT
— + =PrD — +PrRa — 11b
at an an an? + an (110)

.where w* denotes intermediate vorticity values. A similar
sequence is performed for Eq. (4). For a one-dimensional
uniform element length,.the basic recursion relation for the g
direction Eq. (11b) is written as2®

1
E[qs 1+4¢ +¢,+1]+ [d’, 1( _Zui)
b (U~ )+, (Qu;+u ) ]
k
+ Z&? (=9, ;+2¢,—9;.,) =0 (12)

where u; is the velocity at node point i, ¢ is either vorticity or
temperature, é denotes the time derivative, k is either PrD or
D according to the equation being solved, and Q is the
temperature gradient term (or zero).

A simple tridiagonal algorithm is used to solve the
equation. The time-derivative terms are expressed as new and
old values using Crank-Nicolson time averaging. Boundary
relations atn,; and 7, are expressed by assembling the element
expression over one element, i.e., the boundary and first
interior node.?0 .

Upon solution of the one-dimensional transport equation in
the 5 direction, ¢ is solved in the § direction by a one-
dimensional pseudospectral technique. The time-dependent
Fourier components A (k,¢) in one-dimensional spectral space
are determined from the distribution of ¢ in physical space,
i.e., ]

Ak = E¢exp(ik§) (13)
where N is the number of mesh points spanning the § coor-
dinate direction, iisv'—1, ¢ time, and .k the wavenumber
defined as

k=k;=2mn;/A§N,  j=1,..N (14)
where n; assumes integer values as —N/2<n; <N/2. After

the Fourier components are obtained, the derivatives are
evaluated directly by the relations

| ‘;% = Y, ik;A (k1) exp(ik§) (152)
k

g%‘f =Y -KA(kt)exp(ik§)  (15b)
k

These transforms are evaluated using a fast Fourier
transform algorithm.?* Periodicity of the boundary con-
ditions, as imposed by Eq. (10), is accommodated easily by
the pseudospectral technique. Equation (11a) is solved using
the values obtained for the spatial derivatives and forward-in-
time differencing.

Results
Solutions to the transformed equation set were calculated
for 10?2 < Ra<10°. Solutions were begun with w and T set to
zero within the computational domain for Ra=<10. A 20x 20
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Fig.3 Local equivalent conductivity vs angular position.

mesh was used with A§=0.331, Ay=0.040, and Ar=0.001.
Computations were made on an IBM 3081; an average of 500
iterations were required to achieve 10-3 convergence for
vorticity [( Woew — Wo)/ Wasl. Studies were conducted with
the inner cylinder oriented near the bottom, top, and side of

" the outer cylinder.

To assess model accuracy, a nearly concentric (A =0.001)
case was simulated, and values of local equivalent con-
ductivity,”? K,,, vs azimuthal location (§=0) compared
with values obtained by Projahn et al.? and Kuehn and
Goldstein? for Ra=5x 104, Pr=0.7, and y = 2.6. A perfectly
congentric situation is not possible using bipolar coordinates
as A =0 causes the equations to become degenerate. Figure 3a
compares results from the present study with both experi-
mental and numerical data.®?> The model predicts similar
conductivity values for the concentric case. Figure 3b shows
comparisons for two eccentric cases, A=0.652 and A=
—0.623. Ra values for A=0.652 (near the top of the outer
cylinder) and A= —0.623 (bottom) were 4.8 X 10* and 5 x 104,
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respectively. The appearance of a premature maximum in the
outer cylinder for K, and A=0.652 at 6=40 deg was also
observed by Prusa and Yao!s for Grashof number equal to
16,900. This effect is due to flow inhibition between the two
cylinder surfaces; convection heat transfer decreases and
conduction increases as.f—0 deg. Model predictions for K,
vs 0 agree fairly well in the remaining configurations with
published data.®!5:25 Figure 3¢ shows equivalent conductivity
values with the inner cylinder offset laterally from the center
of the outer cylinder for A=0.65 and Ra= 104, Results from
the present model are not in close agreement with results
obtained by Projahn et al.,® but appear to follow the same
general trend and curve shape.

Streamline and isotherm plots are shown in Figs. 4 and 5
for Ra=10%-10¢ with A= - 0.625 and A=0.625, respectively.
The flowfield and temperature distributions are essentially
symmetric. Half-plane results obtained by Projahn et al.® are
similar in appearance; differences in values are principally
due to boundary conditions and coordinate transformations
employed, mesh size, and the order of numerical accuracy
between finite difference and Galerkin methods. An increase
in Rayleigh number creates an increase in overall strength and
circulation pattern for all orientations of the inner cylinder.

STREAMLINES ISOTHERMS

Ra = 10?2

Ra = 10°

Ra = 108

Fig. 4 Streamlines and isotherms for Ra=102-10%, r, /r; =2.6,
A= —0.625.
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Positioning the inner cylinder toward the bottom of the outer
cylinder increases the overall heat transfer and flow strength,
and supports similar conclusions obtained- in previous
studies.® 1525 Solutions tended to be independent of Prandtl
number when Pr> 10.

Velocity vector plots are shown in Figs. 6a-c for Ra =104
and Ra=105 with A=+0.325 and A= x0.625. Vectors
without tails denote very low velocities. Two large recir-
culating cells appear within the annular space between the two
cylinders, as previously shown in Figs. 4 and 5. As the fluid
approaches the cylinder walls, velocity gradients become large
and the local heat transfer increases. The effect of increasing
the eccentricity is shown by comparing Figs. 6a and 6b for
Ra=10%. An increase in velocity (and cell strength) occurs as
A increases from —0.325 to —0.625. As the flow approaches
the top of the inner cylinder, buoyancy causes the fluid to
become more vertically oriented. The boundary layer
decelerates at the top of the inner cylinder and separates from
the surface; the flow becomes entrained within the thermal
plume. Upon hitting the outer cylinder wall, the flow cools
very rapidly and travels downward. Conduction heat transfer
dominates between the two cylinders at the bottom of the
inner cylinder; convection becomes dominant as the flow

STREAMLINES ISOTHERMS

Fig. 5 Streamlines and isotherms for Ra=102-10%, r,/r;=2.6,
A=0.625,
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travels around the inner surface. In this configuration the
annular space is sufficiently large enough to permit smooth
deceleration of velocity; this leads to the development of a
strong vortex as the flow returns to the heated inner cylinder.
Velocity vectors for the positive eccentric case also show
large velocity gradients rear the inner and outer cylinder
walls. Conduction now becomes the dominant mechanism of
heat transfer in the annular space at the top of the inner
cylinder. As the fluid returns along the outer cylinder wall, the
flow cools and approaches a region of relatively stagnant
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fluid where convection is weak. This region is also evident in
Fig. 5. The effect of convection becomes more inhibited in the
region between the inner and outer cylinders for A=0.625;
this is understandable since the upper region is now
inadequate to permit rapid acceleration of fluid motion
around the inner cylinder.

The effect of increasing the Rayleigh number is shown in
Figs. 6b and 6c. In this instance, A= 4+0.625, while the
Rayleigh number is increased from 104 to 10°. As expected,
the velocities increase significantly for both displacements,
and the velocity gradients become steeper near the cylinder
walls. The onset of a sinall secondary vortex is just beginning
to appear for A= —0.625 immediately above the two large
cells adjacent to the inner cylinder. For A=0.625, the increase
in Rayleigh number increases the flow -velocity and cell
strength; however, the two large cells shift slightly upward
and the bottom stagnant region appears relatively unchanged.

It is apparent that the mesh spacing near the cylinder walls
cannot resolve accurately the boundary-layer development
and local flow behavior for problems where Ra=10%.
Although the mesh is somewhat coarse, the numerical
methods do provide a reasonable approximation to the bulk
fluid motion and temperature pattern. .

A plot of the overall Nusselt number N&z vs Rayleigh
number is shown in Fig. 7 for y=2.6 and A=0.325 with
Pr=0.7 and 100. The average Nusselt number is based on the
local values at r=r; and r=r, (Ref. 25). Results are in close
agreement with values obtained by Kuehn and Goldstein.!!
The transformed relation for the innmer Nusselt number
(convection) is

Nyo=— To=r)

S T (cos§ — coshy; ) oT
! 27AT

" P d§ (16)

-7

which is integrated to yield an overall Nusselt number at r,.
The integral in Eq. (16) is solved by Simpson’s rule. A similar
relation is obtained for the value at r=r,. The mode of heat
transfer is essentially one of conduction at low Ra numbers
(=103). The Nusselt number for conduction is obtained using
the equation?®2%

2
Uy = 17
4™ cosh~1[(r2 +r2—e?) /2r,r,] an
The overall Nusselt number is calculated by the relation
Nu= [Nuk + Nul3 1 1/15 (18)

A= -0.625 C A= 0.625
Fig. 6 Velocity vectors for Ra=10%-105 with A= +0.325 and where Nu,, is the averaged overall Nusselt number for
A= £0.625. : convection.
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Fig. 7 Overall Nusselt humber vs Rayleigh
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Equation (18) is used to compromise the effects of both
conduction and convection in obtaining the oveérall Nusselt
number. The exponential value of 15 was chosen by Kuehn
and Goldstein® to  fit experimental data, and was used
similarly in this study to compare with their results.

The effect of position of the inner cylinder significantly
influences the local Nusselt numbers. A decrease ih the inner
Nusselt number occurs when the inner cylinder is moved
toward the upper region of thie outer cylinder; accordingly,
the outer Nusselt number increases. An increase in Prandtl
number (=100) creates only a slight increase in the overall
Nusselt number.

Conclusions

The solution of natural convection flow in the eccefitric
annular space between two isothermal cylinders has been
obtained for 102 <Ru£ 106 and 0.7<Pr=< 102, The transient
equation set of vorticity and temperature was transformed
from rectangular to bipolar coordinates and solved with two
high-order accurate one-dimensional algorithms. A linear
finite element recursion relation was used to solve the trans-
port equations normal to the- cylinder surfaces; a
pseudospectral technique was used to solve the periodic
equations tangential to the surfaces. Both algorithms are
simple to use and compuitationally-efficient.

‘Computational damping and dispersion errors associated
with both methods are low, (especially in the pseudospectral
method). The abilities of both methods to resolve steep
gradients is well documented in the literature. The use of one-
dimensional algorithms keeps core requirements ard com-
putational time small; less than 100-k byte storage was
required for the problems addressed in this study. Steady-
state solutions were achieved within approximately 1.5 min
CPU for Ra=10° on an IBM.3081 computer.

Computational results support data previously published in
the literature. In negative eccentrlc displacements heat. trans-
fer rates are greater than in concentric configurations. Heat
transfeér rates are lowest wheh the inner cylinder is dlsplaced
upward toward the outer cylinder. In horizontally eccentric
conflguranons, local conductivities are nearly symrietric
about each vertical half-plane; streamlings and isotherms are
displacéd slightly from the midplane axis:

As the Prandtl number increases, heat transfer. rates, in-
crease slightly; the recirculation center tends to shift slightly
upward for Pr>10 in concentric and negative displacemerit
positions. A multicellular flow regime begins to develop for
vertical eccentricities when Ra=10%; flows appear to be
nearly symmetric within the entire plane. At Ra=109, a
multicellular flow regime is developed but no flow oscillations
occur, although the flows slightly asymmetric.

Appendlx
The governmg equations for free convection flow can be
writtein in rectangular coordinates and nondimensional
variables20 as

ow aw aw oT
— — +v— =Prv?w—PrRa — Al
Y +u o v 3 rv2w—Pr. a&y (Al)
aT T T :
ot (A2)
Vi¥=—w (A3)

and u and v are the velocity components defined as

v
= (A4)
s (AS)

dx
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Transformation of Eqgs. (A1-A3) to bipolar coordinates are
performed by use of the chain rule and Egs. (1) and (2) in the
text. First-derivative tetms are transformed readily by em-
ploying the inverse Jacobian matrix (J~/) such that

ax a8 |
J=-1 (A6)

] ] «

ay an

where J~/ is defined as

1 [ — sinhysing

1=t 1 —coshncos§ ]
- coshrcos§ — 1

— sinhysin§ (A7,)

c

Second-derivative terms come from repeated application of

the chain rule and Eq. (A7). Thus, V2 becomes
coshy —cos§ \2 -

v2= (mﬂc———§) v2 (A8)

Temperature is held fixed at r=r; and r=r,. Calculations
involving the Nusselt number require temperature gradients
normal to the two cylinder surfaces, i.e., (37/0r) /r;,r,. The
derivative 37/4dr is transformed by the relation

or gos +a—Tsm (A9)
o ax T gy

and employment of Eq. (A6); thus, Eq. (A9) becomes
8T /cos§—coshn\ T -
o <7) o (A10)
ar c an

A preliminargf transformation of the equdtion can be nmiade
if the inner cylinder is horlzontally displaced (rotated) in the y
direction. A simple axis rotation of the rectangular coor-
dinates can be made prior to transforming to bipolar coor-
dinates, i.e.,

{x: I=[cpsa—sina ]{x:a} (A11)
y sine cosa I{ y'«
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